Abstract. The Atiyah class was originally introduced by M.F. Atiyah. It has many developments in recent years. One important case is the Atiyah classes of Lie algebra pairs. In this paper, we study the Atiyah class of the Lie algebra pair associated with a Lie bialgebra (g, g * ).
Given a Lie algebroid pair (L, A) and an A-module E, the scalar Atiyah classes c k (E) is defined by
Chen-Stiénon-Xu in [6] . Let κ ∈ g * be the modular vector of the Lie algebra g, defined by
κ(x) = tr(ad x ), ∀x ∈ g.
Let γ : g → g ⊗ g be the cocycle associated with the Lie bialgebra (g, g * ). Let the map ı κ γ : g → g be defined by (ı κ γ)(x) = ı κ γ(x), ∀x ∈ g, where ı κ γ(x) denotes by the contraction of κ ∈ g * with the first part of γ(x) ∈ g ⊗ g. Then we have the following theorem for the first scalar Atiyah class c 1 (E) associated with the triple (L = g ⊲⊳ g * , A = g, E = g * ). In [12] , it is shown that (L = sl(n, C), g = su(n), g * = sb(n, C)) and (L = sl(n, C), g = sb(n, C), g * = su(n)) are Manin triples. We investigate the Atiyah classes for both situations. In Example 3.9, we show that the Atiyah class associated with the triple (L = sl(n, C), A = g = su(n), E = g * = sb(n, C)) does vanish. By contrast, in Proposition 3.12, we prove that the Atiyah class associated with the triple (L = sl(n, C), A = g = sb(n, C), E = g * = su(n)) does not vanish.
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The L-connection ∇ is compatible with the A-module structure on E if and only if R ∇ E = 0. Theorem 2.1. [6] ( Given a Lie algebroid pair (L, A) and an A-module E, the scalar Atiyah classes c k (E) is defined [6] by
which is induced by the composition in End(E) and the wedge product in
Let (L, A) be a Lie algebroid pair. Then E = L/A naturally becomes an A-module, with the A-modules structure on E = L/A defined by
for all a ∈ Γ(A) and l ∈ Γ(L). In the special case of (L, A) being a Lie algebra pair, we can define the Atiyah class associated with (L, A, L/A) by Theorem 2.1.
2.2.
Lie algebra modules and Lie bialgebras. We first recall some necessary knowledge of Lie algebras. Let g be a Lie algebra over the field
for all x, y ∈ g. The action map of g on V
gives a g-module structure on V .
Suppose that V, W are g-modules with the associated representation ρ V and ρ W . Then V * , End(V ) and V ⊗ W are all g-modules, with the corresponding representation given by
The Lie algebra g acts on itself by the adjoint action: x ∈ g → ad x ∈ End(g), where ad x (y) = [x, y] for all y ∈ g. The Lie algebra g acts on g * by the coadjoint action:
For a given Lie algebra g, the vector space g ⊗ g and g ⊗ End(g * ) are both g-modules, with the g-module structures given by
for all x, y, z ∈ g and T ∈ End(g * ). The action of Lie algebra g on g ⊗ g in Equation (2.4) is also called the adjoint representation, denoted by ad (2) : g → End(g ⊗ g):
In this paper, we take the g-module structures above on the corresponding spaces without special explanation.
Given a g-module V , the Lie algebra cohomology
Next we will recall some classical theory of Lie bialgebras (see [10] ).
Definition 2.2.
A Lie bialgebra is a Lie algebra g with a linear map γ : g → g ⊗ g such that
(1) the dual map γ t : g * ⊗g * → g * defines a Lie bracket on g * , i.e., is a skew-symmetric bi-linear map satisfying the Jacobi identity, and (2) γ is a cocycle on g with values in g ⊗ g, where g acts on g ⊗ g by the adjoint representation ad (2) .
for ξ, η ∈ g * and x ∈ g. In fact, γ is a linear map from g to g ∧ g. The map γ : g → g ⊗ g is a cocyle, thus γ defines a cohomology class
. If the cocycle γ is a coboundry, i.e., γ = δr, with r ∈ g ⊗ g, the corresponding Lie bialgebra is called a coboundary Lie bialgebra, and r ∈ g ⊗ g is called a r-matrix.
The following is an equivalent definition of Lie bialgebra.
Definition 2.3.
A Lie bialgebra consist of a pair of vector spaces (g, g * ), such that
(1) g and g * are both Lie algebras, (2) the vector space g ⊕ g * is a quadratic Lie algebra, with the non-degenerate bi-linear form on g ⊕ g * defined by x + ξ, y + η = x, η + ξ, y for all x, y ∈ g and ξ, η ∈ g * . (3) g and g * are Lie subalgebras of the Lie algebra g ⊕ g * .
The Lie algebra g ⊕ g * is called the double of g and g * , denoted by g ⊲⊳ g * . The bracket between g and g * is given by
Example 2.4. [12] Let sb(n, C) be the Lie algebra consisting of all n × n traceless upper triangular complex matrices with real diagonal elements. Then we have
If we define a non-degenerate bi-linear form on sl(n, C) by
for all X, Y ∈ sl(n, C), then sl(n, C) becomes a quadratic Lie algebra, and su(n) and sb(n, C) are maximal isotropic subspaces of L. The pairing between g = sb(n, C) and g * = su(n) is defined by
) is a coboundary Lie bialgebra.
Atiyah classes of Lie bialgebras

Atiyah class associated with the triple
where ∇| g : g → End(g * ) is exactly the coadjoint action of g on g * . Let us denote the linear map
. Applying Theorem 2.1 in this case, we obtain Theorem 3.1.
( − ad *
In Theorem 3.1, the g-module structure on g ⊗ End(g * ) is defined by Equation (2.5).
The following corollary is an immediate consequence of Theorem 3.1. 
Proof.
(1) We first prove the equivalence of the conditions.
• (b) ⇔ (c) The equivalence of (b) and (c) is obvious.
•
The proof is similar as above. We skip it. (2) If one of the equivalent conditions is satisfied, i.e., the last condition is satisfied, there exists x ∈ Center(g) and ξ ∈ g * satisfying ad * ξ (x) ∈ Center(g). The condition x ∈ Center(g) implies that ad * x = 0. And the condition ad * ξ (x) ∈ Center(g) implies that ad * ad * ξ (x) = 0. Therefore it does not exist the map S : g * → End(g * ) satisfying Equation (3.2). By Theorem 3.1, the Atiyah class α E associated with the triple (L = g ⊲⊳ g * , A = g, E = g * ) does not vanish.
Example 3.3. (An example with non-vanishing Atiyah class) Let (g, g
* ) be a 3-dimensional Lie bialgebra (see [7] ), with the Lie brackets on g and g * being defined as
where {x 1 , x 2 , x 3 } is a basis of g, and {ξ 1 , ξ 2 , ξ 3 } is the dual basis of g * . The center of Lie algebra g is spanned by x 3 . As ad * ξ 3 (x 3 ) = −x 1 ∈ Center(g), by Corollary 3.2, the Atiyah class α E associated with the triple (L = g ⊲⊳ g * , A = g, E = g * ) does not vanish.
Choosing S = 0 in Theorem 3.1, we get another version of Theorem 3.1.
for all x ∈ g and ξ ∈ g * . Then 
Remark 3.5. If we consider S : g * → End(g * ) as an element in g ⊗ End(g * ), Equation (3.3) can then be written as the coboundary condition
where the action of x ∈ g on S ∈ g ⊗ End(g * ) is defined in Equation (2.5).
Let us denote F by the map
It is easy to verify that F is a morphism between the g-modules g ⊗ g and g ⊗ End(g * ). Thus F induces a map
for all α ∈ H 1 (g, g ⊗ g) and x ∈ g.
Proof of Theorem 1.1:
Proof. For any x ∈ g and ξ ∈ g * , let us denote ı ξ γ(x) by the contraction of ξ ∈ g * with the first part of γ(x) ∈ g ⊗ g. For any η ∈ g * , we have
As F is defined by g ⊗ g
By Equation (3.7), it follows
Thus we obtain λ = −F • γ. As F is a morphism of g-modules, we get Remark 3.6. Notice that in Theorem 1.1 , the map γ is only related to the Lie algebra structures on g * , and F is only related to the Lie algebra structures on g.
Corollary 3.7. Let (g, g * ) be a coboundry Lie bialgebra with the r-matrix, i.e., γ = δr, where γ : g → g ⊗ g is the cocycle associated with (g, g * ) and r ∈ g ⊗ g.
(1) The Atiyah class α E associated with the triple (L = g ⊲⊳ g
for all ξ ∈ g * , where r(ξ) ∈ g denotes by the contraction of ξ with the first part of r ∈ g ⊗ g. Then S satisfies the Equation (3.3).
Remark 3.8. The first part of the Corollary 3.7 is due to K. Abdeljellil and Camille Laurent-Gengoux by private communication.
Proof.
(1) For a coboundry Lie bialgebra (g, g * ), the corresponding cohomology class [γ] = 0. By theorem 1.1, the Atiyah class α E associated with the triple (L = g ⊲⊳ g
is a morphism of g-modules, where the g-module structures are defined in Equation (2.4) and Equation (2.5), we get
As a consequence, we have λ = −δ(F (r)).
On the other hand, we have
which implies that S = F (r), where S : g * → End(g * ) is considered as an element in g ⊗ End(g * ). Thus we have λ = −δS, which is equivalent to the Equation (3.3). Example 3.9. As shown in example 2.4, (g = su(n), g * = sb(n, C)) is a coboundary Lie bialgebra. Hence by Corollary 3.7, the Atiyah class associated with (L = g ⋊ ⋉ g * = sl(n, C), g = su(n), E = g * = sb(n, C)) vanishes.
The first scalar Atiyah class associated with the triple
Let (g, g * ) be a Lie bialgebra and let α E ∈ H 1 (g, g ⊗ End(g * )) be the Atiyah class associated with the triple (L = g ⊲⊳ g * , A = g, E = g * ). The map
is a morphism of g-modules. The first scalar Atiyah class c 1 (E) [6] is defined by
Let κ ∈ g * be the modular vector of Lie algebra g, defined by
Let γ : g → g ⊗ g be the cocycle associated with the Lie bialgebra (g, g * ). We define the map ı κ γ : g → g by
where ı κ γ(x) denotes by the contraction of κ ∈ g * with the first part of γ(x) ∈ g ⊗ g.
Lemma 3.10. The map ı κ γ : g → g is a cocycle for the Lie algebra g with values in g.
Proof.
The map ı κ γ : g → g is the composition of the map γ : g → g ⊗ g and the map g ⊗ g
As γ : g → g ⊗ g is a cocycle, we only need to verify that the map g ⊗ g κ⊗id − −− → k ⊗ g = g is a morphism of between the g-modules g ⊗ g and g.
For any x, y, z ∈ g, we have
It proves that g ⊗ g κ⊗id − −− → k ⊗ g = g is a morphism of between the g-modules. And consequently, the map ı κ γ : g → g is a cocycle.
By Lemma 3.10, the map ı κ γ defines a cohomology class [ı κ γ] ∈ H 1 (g, g).
Proof of Theorem 1.2:
(1) By Theorem 1.1, we obtain α E = [λ] and λ = −F • γ, where F is the map
Thus we have
As tr(ad * x ) = tr(ad x ) = κ(x) for all x ∈ g, by Equation (3.12) we get that (3.13) tr(λ) = (id ⊗κ) • γ.
On the other hand, γ is a map from g to g ∧ g ⊂ g ⊗ g, which implies (3.14)
By Equations (3.13) and (3.14), we obtain
(2) By the arguments above, c 1 (E) vanishes if and only if
for all x ∈ g. The Equation (3.15) is equivalent to
for all x ∈ g and η ∈ g * . The left side of Equation (3.16) can be written as ad * x κ = 0 for all x ∈ g. For any x ∈ g and ξ ∈ g * , we have
As a consequence, we get that ad κ+v (g) = 0 if and only if ad * κ = ad v .
The Atiyah class of
for all X, Y ∈ sl(n, C).
Let t be the subspace of g = sb(n, C) consisting of all n × n real diagonal traceless matrices. Let n + be the subspace of g = sb(n, C) consisting of all n × n strictly upper triangular matrices. Then we have
Lemma 3.11. Let (g = sb(n, C), g * = su(n)) be the Lie bialgebra as in Example 2.4. Let κ ∈ g * be defined by Equation (3.10). Then we have
(1) For any t ∈ t, we have
where ∆ + ⊂ h * is the set of positive roots for the Cartan subalgebra h = t ⊕ √ −1t. Since α∈∆+ α is a nonzero vector in h * , we get k = 0. Proof. Assume that the first scalar Atiyah class c 1 (E) associated with the triple (L = sl(n, C), A = g = sb(n, C), E = g * = su(n)) vanishes. Then by Theorem 1.2, there exists v ∈ g such that (3.22) ad κ+v (g) = 0.
As g = t ⊕ n + , v ∈ g can be written as
where v 1 ∈ t and v 2 ∈ n + . By Equation ( By Lemma 3.11, we get κ ∈ √ −1t.
Since κ + v 1 ∈ h = t ⊕ √ −1t and v 2 ∈ n + , by Equation (3.23), κ + v ∈ sl(n, C) has the Jordan decomposition Since κ ∈ t and v 1 ∈ √ −1t, we obtain κ = 0, which contradicts Lemma 3.11.
Thus c 1 (E) does not vanish. And consequently, the Atiyah class α E does not vanish.
